Potential relations for nonrelativistic and relativistic two-body Schrodinger equations 
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Relations between nonrelativistic and relativistic two-body equations, also allowing for different 
masses, are studied and explicit expressions are given. One example is the Blankenbeclar Sugar 
equation. The corresponding expressions for the boosted two-body potentials are provided. 
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The modern high precision NN potentials CD-Bonn 
Q, Nijm I,II and AV18 3] appear in a nonrelativistic 
Schrodinger equation. Turning to a relativistic version 
thereof which replaces the nonrelativistic kinetic energy 
by the relativistic one requires a modified NN potential 
to describe the same NN phase shifts. In case of AV18 
such modifications have been worked out in . One can 
also use an analytical momentum change transformation 

, which might be sufficient for a first orientation , but 
which can not replace the necessary changes in the poten- 
tial introduced physics-wise ( see also for more formal 
aspects). 

In case of CD-Bonn and the Nijmegen potentials rela- 
tivistic kinematics has been applied relating the relative 
momentum k and the energy E for two equal mass par- 
ticles in the cm. system. 



E = 2\ m 



(1) 



For such a choice one can switch between the Schrodinger 
equation in the relativistic and the nonrelativistic form 
by a simple trick 0, Q • Put uj = y/m? + k'^ then the 
relativistic NN Schrodinger equation reads 

(2w + v)'4! = 2woV'- (2) 

Applying {2uo + v) again on both sides yields 

(4u;2 + 2ujv + 2vuj + v'^)'4> = ^uolij). (3) 

After a simple algebra one arrives at the nonrelativistic 
Schrodinger equation 



with 



(^H-K,)^ = ^V 

m m 



(4) 



(5) 
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This means that solving Eq.Q) together with the rel- 
ativistic kinematic relation is in fact a relativistic 
treatment. One can easily invert the steps from Eq.Q 
to lO and finds 



V = V '^rnVnr + 4a;2 - 2lu 



(6) 



which relates the potential v in the relativistic NN 
Schrodinger equation to the potential Vnr in the nonrel- 
ativistic Schrodinger equation. Important thereby is of 
course the relation This connection is also valid for 
the Nijmegen potentials, since also there the relativistic 
relation has been used. 

In previous work ( see for instance it is stated 

that the bound state eigenvalue to Eq. Q , which is 
Ml/Am - m differs from E\j = M}, — 2m by the small 
amount E'^/Am. Here Mb is the mass of the bound two- 
body system. Though this is correct one can use a dif- 
ferent definition of the binding energy, which replaces E^ 
by tb defined as 



Mb 



\/ Am? + Aebm 



(7) 



Then in Eq. ^ Cb occurs directly without correction term 
and moreover it can naturally be written as ef, = —K^/m 
in agreement with the form of the energy eigenvalue in 
Eq. Q . Expanding Eq. one obtains Mf, = 2m -k £& — 
el/Am+... the lowest order of which agrees with the usual 
definition of the binding energy. 

For the practical application of ^ one can proceed 
in close analogy to the representation shown in for 
the boosted NN potentials. We obtain( for details see 
Appendix ) 



{k\v\k') ^b{k)Mb^b{k') 

+ 7T^{2^3?[r(fc', fc; -)] - 2u:'^[T{k, k'; —)]} 
fc2 - k' m m 

m 

+ o X 

fc2 - 

{ V d'k"-^^T{k,k";—)T*{k',k";—) 
J k" ~ k^ m m 

,r(fc,fc";— )r*(fc',fc";— )I8) 
m m 



J fc"2 - k'^ 



2 



where ^'^(fc) is the nonrelativistic deuteron wave function 
of Eq(4), Mh the mass of the deuteron, T the standard 
NN T-matrix related to Vnr via the nonrelativistic Lipp- 
mann Schwinger equation and uj" — y/m^ + k^. 

Like in 3 oiis can also obtain the boosted potential 
Vp in a frame, where the total NN momentum is different 
from zero: 



Vp = y/{2LU + v)^ + p 2 _ y/Auj^ +p2. (9) 

In this case Vp is connected to Vnr as 



The explicit representation is 



{k\Vp\k') = *b(fc)Y'Mb2 +p 2^^(^') 

m ' 



fc2 — fc 



;2{ys:;M^3?[T(fc',fc;-)] 



4w'^+p2SR[T(/c,fc'; — )]} 
m 

2 



m 



A:2 _ fc'2 



X 



k"^ - fc2 



.r(^,fc";^)T*(fc',fc";— ) 



7? / — '^T{k,k"-—)T*{k',k"-—)}. 



k"^ - k'^ 



m 
k^ 
m 



k'" 



(11) 



This is to be used together with the kinetic energy — 



In 01 we did not use the correct relation © for CD- 
Bonn and the Nijmegen potentials to arrive at v but the 
analytical momentum change transformation [5]. Using 
© might change the outcome for the relativistic energy 
shifts in the triton binding energy shown in 9]. This is 
left to a forthcoming calculation. 

Now we ask a more general question. Assume as a 
starting point a relativistic three- dimensional equation 
for a two-body system with general masses in the total 
momentum zero frame, which defines the wave functions 
for boimd and scattering states. It is assumed that they 
fulfill the completeness relation 

^|*fc><*b|+ /"dfc|*£><*£| = l (12) 

b 

and obey the homogeneous and inhomogeneous equations 
l^-b >=GoF|*b >, (13) 



|*s>= |fc>-|-GoT|fc> 



(14) 



Here V , Gq and T are the corresponding potential, free 
propagator ( with the correct kinematical cut) and T- 
operator, respectively. ( Note , this T is different from the 
previous one). Then the energies related to \'i'b > are 



and for the scattering states Ivfr > they are lui +uj2 with 



— \l "fTT-i + k . We want to rewrite these equations 
into the form of a standard relativistic two-body equation 
in the system with total momentum zero: 



h — LUl + UJ2 + V 



(15) 



where LUi are the corresponding operators related to tUi. 
This means that h should have the same bound and scat- 
tering states. Therefore the operator h can be repre- 
sented in terms of the bound and scattering states of the 
underlying relativistic two-body equation as 

h = XI I**- > < 

b 

+ J dk\^^> {iui{k)+u;2m <-i'j:\. (16) 
Using that form one obviously gets 

V = h- LJi - iJj2 = ^\'i'b > Mb < *6| 

6 

+ / dk\^'j:> iuiik) + LU2{k)) <^'j:\ 

dk\k > iuji{k) + uj2ik)) < k\. (17) 
This leads to the momentum representation 
<k\v\k' >^J2'^b{k)Mh-^bik') 



+ J dk" < k\-^p, > {iOlik") + L02ik")) < ^p,\k' > 

- S{k-k'){uji{k)+uj2{k)). (18) 

We insert now the underlying form of the assumed rela- 
tivistic equation (|14|l and get for the part with the scat- 
tering states 

< k\v\k' >scatt 

= [ dk^'{6{k-k") + Go{k,k") <k\T\k" >} 



(c^i(fc") + oJ2{k")){< k'\T\k" >* G5(fc', fc") + 5{k" - k')} 
^5{k~k'){uji{k)+uj2{k)). (19) 

As an example we regard the Blankenbeclar-Sugar(BBS) 
equation resulting from the Bethe-Salpeter (BS) equation 
by replacing the propagator in the BS equation with the 
propagator 10] 



9BBS 



2TTi 



(mi+m2)^ 



s — s — ze 



Putting the four- momenta ki^2 — ^P^k and Po{Pq) = 
-/s ( ) one obtains 0| 



9BBS 



TT (5(fco - ^(Ci^l - W2)) U)l+UJ2 



LU1UJ2 



(Wl + uj2y 



(21) 
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This yields the following equation of the type H14() : 
1%, \k' > +- — — -T\k' >{22) 

In arriving at 122(1 we have redefined the matrix el- 
ements of T and V occurring in the Bethe Salpeter 
equation after inserting (|21|l by multiplying from both 
sides •y/7r(tJi + uj2)/^i^2 and y/Tr{uj[ + Lo'r^ j uj^uj^-, re- 
spectively. We denote lo'.-^ — \J mf + k'^. 

The bound states are defined by an equation corre- 
sponding to H13|l with the same propagator as in H22|l 
and the redefined V. We assume the completeness rela- 
tion H12() to be valid and obtain the two-body interaction 
V in Ea. lfT^ as 



<k\v\k' >=Y,'^b{k)Mt^i,ik') 

b 



-K+c.^)5R[r(fc,fc';c.'i+4)]} 

1 



{ V I S-k" 



r(fc, k"-Jl + Ji) T*{k', k"- Uj'l + LU'^) 



V / d-'k 



a 111 



K + ^')'-K+^)' 

T{k,k"-u'l+u:'i) T*{k',k"-u'l + uj'i)}. (23) 

To arrive at (|23() the steps are analogous to the steps 
laid out in the Appendix. 

The boosted potential which is to be t aken together 
with the kinetic energy iuji + ^2)^ + results simply 
be replacing Mf, by ^J M'^ + and the (tJi +ijJ2)'s in the 
numerators by yj (wi -I- 102)"^ + P^- 

Finally we address the question whether the relativistic 
two-body Schrodinger equation corresponding to h from 
Eg pSI) can be cast into the form of a nonrelativistic two- 
body Schrodinger equation 



^2 ^2 
2/i 2^1 



(24) 



where a is the standard reduced mass ( - — — — .) We 
require again that hnr has the same bound and scattering 
states as h. Therefore 



2^1 



> £6 < 'J'b 



I k 



2n' 



(25) 



In momentum representation this yields 
< k\v„r\k' >= *6(fc)efc*6(^') 



dk"<k\^p,>^<^j:„\k'> 

^ P 
-S(k-k') — 

= Y,^,{kU^b{k') 

b 

1 



(cJi +LU2)^ - (w; +^)2 

{|_sR[T(fc', k; -t- C.2)] - ^"iiink, k'; oj[ + J2)]} 
1 

j3 ,„// 2^i 



T{k, k"; Lo'l + Ji) T*{k\ k"; u'l + u'^) 



V I d^k" 



2fj. 



T{k, k"; uj'{ + Ji) T*{k', k"- Lo'( + uj'i)}. (26) 

In summary we regarded relations between relativistic 
and nonrelativistic two-body equations. For equal mass 
particles the relativistic two-body Schrodinger equa- 
tion can be converted identically into a nonrelativistic 
Schrodinger equation and vice versa if the relativistic 
connection between energy and momentum is kept. An 
explicit expression for the relativistic potential in terms 
of the nonrelativistic T-matrix and bound state is pro- 
vided. Also the corresponding relativistic potential in 
a moving frame has been worked out. Further we re- 
garded a more general question. Often relativistic three- 
dimensional equations are proposed, which do not have 
the standard form of a relativistic two-body Schrodinger 
equation. Can they be rewritten into such a form? We 
addressed that question and examplified a solution for 
the case of the Blankenbeclar Sugar equation for two dif- 
ferent mass particles. Finally we provided an explicit 
expression for the nonrelativistic potential occurring to- 
gether with the standard nonrelativistic kinetic energy 
of two different mass particles if bound and scattering 
state information is available from the underlying rela- 
tivistic two-body Schrodinger equation. In this case be- 
cause of two square root expressions in the kinetic energy 
the simple trick possible for two equal mass particles is 
not applicable and we are left with a more complicated 
form. 

One of authors (H.K.) would like to thank the Deutsche 
Forschungsgemeinschaft for financial support. 

Derivation of Eq.®: 

We insert the complete basis of eigenstates related to Eq. 
© (Assuming one bound state). This leads to 

< k\v\k ' >=< fc|*b > Mb < *b|fc ' > -2u;6{k~k') 
+ f dk" < fcll-g,, > V4^\ — + m < «'j„|fc ' > (27) 
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Next we use the well known decomposition 

T(k k'- —) 

< fcl^g, >^Sik-k')+ J ' , ' (28) 



and arrive at 



< k\v\k ' >= «'fc(A?)Affc*6(fc ') 
T*{k'S\-) T(-k,k';^) 



z-2 

t£- 



2tu{k') 



^„T(k,k";^) ,^„T*(k',k"-^) , , 



*e — — 



The integral requires some care and we keep the limit- 
ing processes for the two scattering states separately by 
putting 



1 



1 



1 1 

1 1 



fc"2 - fc2 + ^.,,2 _ fc/2 _ 

1 



(30) 



fc2-fc'2_i(e^+e2)' 
This allows us to perform one limit firstly with the result 
f 1 



fc"2 - fc2 + A;"2 _ fc'2 



A:"2 - fc2 



1 



/s2 - /j'2 _ 

Thus we get for some well behaved function f{k") 

(fc"2 - k^+iei){k"^ ~ - ie^) 

lim 7. X 

e^+o k"^ - k'^ - it 



-iiT lim 



fc"2 - fc2 

1 



fc"2 - k'^ 



dk"J{k")5{k"' ~k')+ / dk"f(k")5{k"' ~ k'^)j 

(32) 



The principal value prescription is denoted via "7^ J" . In 

our case 

^ ^ ^-"2 i-"2 

/(A:") = 2m^u;{k")T{k, k" ; )T*{k', k" ■ ) (33) 

m m 

and therefore 



dk"f{k")5{k"^ ~ k") 

2to2 / dk"iu(k")T(k,k";—)T*(k',k";—) 
I mm 



5{k"^ ~ e) 
This is part of the unitary relation 



(34) 



2 2 
T(fc,fc";^)-r*(fc',fc";^) 
m m 

/2 2 
dfc"r(fc, fc"; ^)r*(fc', fc"; — )J(g2 _ /fc"2) 
TO TO 



(35) 



Consequently 



jL//2 L//2 

2to2 / dk"uj(k")T{k, k"; —)T*(k', k"; —)5{k"^ - 

TO TO 



TT TO 



(36) 



and 



-m lim 



c^+o fc2 - A:'2 _ i£ 

dk"f{k")6{k"^ -k^)+ J dk" f{k")5{k"^ - k'^) 
2m 

= lim 7^ X 

f u;(fc)3[r(fc, fc'; -)] + c.(fc')5[r(fc, fc'; — )] ) (37) 
\ TO ml 

Combined with Eq. H29|l certain terms cancel and one 
arrives at Eq.®. 
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